Let A be a Banach algebra with a Hilbert space norm (norm defined by a scalar product). We shall call A a right complemented algebra if it has the property that the orthogonal complement of a right ideal is again a right ideal. This notion was introduced in the author's doctoral thesis [5] . It was proved that under certain additional assumptions every right complemented algebra is left complemented. We shall prove this theorem for a general right complemented algebra. We shall also show that the most general simple right (left) complemented algebra is of the following form. Example. Let a be a (possibly unbounded) self-adjoint linear operator with domain dense in a Hilbert space 77 and the range being a subset of H. Let A be the algebra of all linear operators a of the Hilbert Schmidt type on 77 such that \aa\ < °°, where | | is the trace norm of an operator: |a|2 = tr (a*a). Then A is a right (as well as left) complemented algebra in the scalar product (a, b) = [aa, ba] = tr (aa(ba)*).
Let A be a Banach algebra with a Hilbert space norm (norm defined by a scalar product). We shall call A a right complemented algebra if it has the property that the orthogonal complement of a right ideal is again a right ideal. This notion was introduced in the author's doctoral thesis [5] . It was proved that under certain additional assumptions every right complemented algebra is left complemented. We shall prove this theorem for a general right complemented algebra. We shall also show that the most general simple right (left) complemented algebra is of the following form. Example. Let a be a (possibly unbounded) self-adjoint linear operator with domain dense in a Hilbert space 77 and the range being a subset of H. Let A be the algebra of all linear operators a of the Hilbert Schmidt type on 77 such that \aa\ < °°, where | | is the trace norm of an operator: |a|2 = tr (a*a). Then A is a right (as well as left) complemented algebra in the scalar product (a, b) = [aa, ba] = tr (aa(ba)*).
We shall use the following terminology (see [5] ). A Banach algebra shall be called simple if it is semi-simple and has no proper two-sided ideals except those which are dense in whole algebra. We shall say that xl is the left adjoint of x if (xy, z) = (y, x'z) holds for all y, z in the algebra. A left projection e is a left self-adjoint (nonzero) idempotent; a primitive left projection is a left projection which cannot be written as a sum of two doubly orthogonal left projections (compare with W. Ambrose [l] ). The orthogonal complement of an ideal 7 will be denoted by 7P.
We have proved in [5 ] that every simple right complemented algebra has a primitive left projection. So we begin by proving: Theorem 1. Let A be a simple right complemented algebra and let e be a primitive left projection in A. Then every element in eA has a left adjoint. Proof. Let aEeA; then ea=a. We may assume that aej^O (otherwise we consider b -a-\-e for which be9*0). Then a2 = eaea=\a, i.e., a is a multiple of some idempotent/.
Consider the closed regular right ideal Q={z-fz\zEA}, f is a relative identity of Q. We write 
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License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use f=ei+u with eiCQ", «£(?; then ei is a left projection and fei=f, eif = ei. Hence eei9^0 (note that eie^O also) and so we have: eei = ee\f = eeief = \ief=pf, i.e., fl = l/p(eie). Hence a also has a left adjoint.
Theorem 2. The set of elements in a simple right complemented algebra A having left adjoint is dense in A.
Proof. Let F= {d} be the family of all primitive left projections in A. Let R be the closed right ideal generalized by F, i.e., R is the closure of the linear space spanned by all elements of the form e,x, eiCF, x£^4. It follows from Lemma 1 that the set of elements in R having a left adjoint is dense in P. It remains to show that R=A. Suppose Rt^A, then Pp?^(0). Let a£Pp be an element which does not have a right quasi-inverse.
Consider the right regular ideal Q = closureof {ax+x|x£^4} for which -a is relative identity. We write -a = e+u withe£@p, uCQ-Then it is easy to see that e is a left projection (of course e?*0) such that eu = 0 (compare with [5, Lemma 2] ). Thus eCF and hence (ea, ea) = (ea, a)=0, ea = 0. But on the other hand -ea = e(e+u) =e, which is a contradiction.
Thus R = A.
Corollary. Every semi-simple right complemented algebra A is a left complemented algebra; the set of elements in A having right adjoint is dense in A.
From now on we may refer to a semi-simple right complemented algebra simply as a "complemented algebra." Now we proceed with the second part of our paper. Let ibea simple complemented algebra and let e be a primitive left projection in A. We consider the ideals L = Ae and R = eA. Every element in R has a left adjoint while L has a dense subset of elements having left adjoint. We shall show that A is a dense subalgebra of a suitably constructed ZP*-algebra. It will be done by proving a series of lemmas in which A, e (and hence L and R) are fixed once and for all. Lemma 1. If xi, x2CL and yu y2CR, then (xiyi, x2y2) =w_2(xi, x2) • (yu y*) where w = ||e||.
Proof. Since x'2XiCeAe we have X2Xi=Xe for some complex \(eAe is isomorphic to the complex field [5, Lemma 7] ). Then (xi, x2) = (xi, x2e) = (x'2xi, e) = (Xe, e) =X||e||2 = Xco2 and (xryi, x2y2) = (x2Xiyu y2) = (\yi. ^2) =X(yi, y2) =ar2(x1) x2)(yu y2).
Corollary. If xCL and yCR then \\xy\\ =w-1||x|| ||y||.
Lemma 2. 7/x£P then ||x'|| ^w||x||. Proof, (a)-(c) are easily verified. We shall prove (d). Since z,-, z£5 we have z< = x,y,-, z = xy and also u= E"-i 2, = flw with x" x, !>££, y,-, y, w£P. Let us assume that Zi, z2, • • • , z", x are fixed while y is variable. We have: (u, z) = (vw, xy)=w~2(v, x)(w, y) or (v, x)(w, y) = w2E"-i (xty*> xy)= E"=i (x«> x)(yi'i y)-Now let us assume that (v, x)^0. This can be done without loss of generality. Then we can write (xi, x) = X,(t>, x) for some complex X,-, t = l, 2, • • • , n and so we have: Thus the scalar product [ , ] is continuous in the original topology; hence can be extended to whole A. In general A is not complete in the new scalar product, so let A be the completion of A with respect to [ , ] . Let us extend continuously the algebraic operations of A (including the involution) to A. Then it is easy to see that A is an 77*-algebra.
Indeed let x be an element in A having left adjoint xl in A, then if z, uES we have z -Xiyx, u-x2y2, XiEL, ytER, i=l, 2, and so A.
Now we are in a position to prove the following theorem: Theorem 3. Every simple complemented algebra A is isomorphic to an algebra of operators a of the Hilbert Schmidt type on a Hilbert space such that tr((aa)*aa) < °o where a is some (unbounded) self-adjoint operator with the domain dense in the Hilbert space.
Proof.
Above we constructed the H*-algebra A in which A is dense. A is isomorphic to the algebra of operators of the Hilbert Schmidt type on some Hilbert space H (it is easy to verify that A is simple). In particular we may take H to be the closed ideal eA, where e is the above considered primitive left projection. The isomorphism is set up as follows: if aCA~ corresponds to the operator T and x£e^4, then P(x) =xa. Now let us consider eA and eA. Since the scalar product [ , ] of A restricted to eA is continuous with respect to the original norm there exists a bounded self-adjoint operator /3 defined on eA such that [a, b] = (/3(a), p(b)) holds for every a, bCeA. One can easily see that /3 is also continuous with respect to | -norm (corresponding to [, ] ): |j8(a)J =||/32(o)||g||/3||||/3(a)||=||/3| |a| .Thus j8 can be extended to whole eA.
Snce the mapping a->al is 1-1 (follows from the fact that A is semi-simple), j8 is 1-1 also (note that (B(a), /3(J)) = [a, b]=o)~l(bl, a1)). Since /3 is also self-adjoint the range of |8 (even if /S is restricted to eA) is dense in eA. Now let x be any member of eA and let x" be a sequence of elements in the range of /3 approaching x in || ||-norm. Then x"->x also in | | -norm. Let y" be the sequence such that /3(yn) =x". Then |y»-ym\ =||/3(yn)-|8(ym)|| =||*n-*m||, i.e. y" is a Cauchy sequence.
Therefore there is an element y in eA such that yn-^y in | | -norm. Then we have x=/3(y) and so the range of j3 extended to eA is entire eA. Hence there exists an (unbounded) operator a with the domain dense in eA such that (a, b)= [a(a), a(b)] holds for every a, bCeA.
Let us show that a(a) =aa for every aCeA where aa means operator defined by a(a(x)) (x is an element in the Hilbert space). But a(x) =xa if x£eX So it is sufficient to show that a(xa) =x(a(a)). But it follows from the fact that xCeA, aCeA and a(a)CeA: a(xa) = a(exea) = a(\ea) =\a(ea) =\ea(ea) = exea(a) = xa(a), where X is some scalar such that exe = \e.
Thus we have (a, b)= [aa, ba]=tr ((ba)*aa) for every a, bCeA. One can quite easily show (using Lemma 1) that this is true for every a, bCA.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
